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Guidance to intercept a maneuvering target is considered. Uncertainty in the predicted target position at in-
terception is handled by constructing a Gaussian-sum approximation to the probability density function of that
position.A guidanceframework inspired by model predictive control is presented, with the objective of maximizing
the probabilityof successful interception, and simpli� cations to make the computations feasible are suggested. The
scheme is extended to the multitarget case, incorporating uncertain informationon target identity.The multitarget
procedure allows compromise between progress toward the selected target and keeping as many targets reachable
as possible. Simulation results illustrating performance improvements over conventional guidance are presented.

Nomenclature
a = lateral acceleration
C = maximum number of maneuver changes allowed

= missile effectiveness function
J = cost function
k = discrete-time instant
L = prediction horizon
M = control horizon, number of update intervals to

interception
Mi = maneuver history
N = number of possible target maneuver actions

(x, P) = Gaussian probability density function with mean x,
covariance P

P = covariance of state-estimateerror
p(¢ ) = probability density function
Q = covariance of state forcing

= set of reachable objects (potential targets)
r = range to target
re = radius of effectivenessof missile
tgo = time to intercept

= set of admissible control values (accelerations)
u = missile acceleration
x = state vector (with circum� ex if estimate)
x , y = Cartesian position coordinates
l i,k + j = maneuver model i applied over period

k + j ¡ 1 to k + j
x i = target turn rate i

Subscripts

m = missile
t = target

j = target type j

I. Introduction

I N conventional linear-quadratic-Gaussian (LQG) optimal guid-
ance of a missile approaching a target, the computation of

the control (missile acceleration) sequence is based on minimum-
covariance, unbiased estimates of target state. Joint optimality of
the estimator and control, treating the estimated state as if exact
(certainty-equivalence control1 ), relies on linearity of the motion
model and the observationprocess.Two factors make this approach
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dif� cult in practice: the target-motion model during maneuvers is
usually nonlinear in the preferred coordinate system,2,3 and so lin-
earization errors are incurred, and the target’s future maneuvering
is uncertain. This paper proposes guidance based on predicting the
probabilitydensity function(PDF) of targetpositionat interception,
for a range of possible maneuvers, by use of nonlinear models. In
principle, the PDF should be computed at each update, allowing a
minimum expected cost control sequence to be found without the
restrictiveassumptionsof LQG control. In practice,approximations
and simpli� cations will be necessary to reduce the computing load
of such a predictive control scheme.

Predictive control [often called model predictive control (MPC)]
employs a receding horizon.4 ¡ 6 At time k, an updated model of
the plant being controlled relates the control-input sequence to the
predicted output up to a prediction horizon M steps ahead, with
M � xed. To minimize a cost function in the predicted output error
and the control, the control-input sequence is optimized (over its
admissible range) up to the control horizon k + L and assumed to
be kept constant from then on. The � rst sample of the optimal se-
quence is appliedfrom time k up to the nextobservationinstant,time
k + 1. The whole process is then repeated.The guidancelaw is, thus,
open-loop feedback-optimal.7 Given enough computing power, the
optimization need not rely on stringent assumptions to ease analyt-
ical solution, and so MPC has become popular in process control,
where its ability to handleconstraintsis valuableandplantdynamics
are typically slow.

The missile guidanceproblemhasaccelerationset pointas control
input and, in the version considered here, miss distance as output
error. As an MPC problem, it has two nonstandardfeatures: 1) The
prediction horizon is the interception time, which does not recede
steadily but varies with the assumed future maneuvers and with the
accuracyof the predictedmissile and targetstates.2) It must account
for possiblefuturemaneuversand predict the PDF of targetposition,
not just its mean.

This paperconsidersMPC-style guidancewith limited computing
power. Section II discusses prediction of the time to intercept and
the PDF of target state at that time; the prediction is dif� cult and
guidanceaccuracyis sensitiveto error in it. Simplifyingassumptions
to keep the prediction load acceptable are proposed. The guidance
law is considered in Sec. III, and Sec. IV gives simulation results
comparing the predictive control scheme with LQ guidance.

The guidance scheme can be extended to multiple targets, bal-
ancing the probabilityof successfullyinterceptingthe chosen target
against that of selecting the correct target. Section V discusses an
optimal multitargetguidance scheme, modi� ed in Sec. VI to reduce
computingload.Finally,Sec. VII presentsmultitargetsimulationre-
sults, illustrating the balance between delaying target selection for
correct identi� cation and maximizing the probability of reaching
the selected target.
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II. Calculation of Time to Intercept
and PDF of Predicted Target State

The dif� culties in predicting target position at interception stem
from uncertainty in interception time. First, the uncertainty renders
the PDF of state at interception non-Gaussian; the differences in
missile � ight time to different interception points alter the times
for which the probability density at those points is required. This
is so even if the target does not maneuver, the motion and obser-
vation models are linear, and the initial state error, process noise
(accelerations), and observation noise are all Gaussian.

Second, if the target may maneuver, the missile trajectory has to
run through a range of maneuver-dependentinterception positions,
over a range of times. The optimal missile trajectorydependson the
PDF at interception,but the PDF depends on the interception times
determined by the trajectory. Prediction of the target-position PDF
at interception and optimization of the missile trajectory are, thus,
closely interwoven problems with an implicit joint solution.

Third, the miss distance is sensitive to error in interception time
because of the relative geometry of the optimal trajectory for the
missile and the predicted maneuver-dependent target position at
intercept. The trajectory runs roughly through the range of possible
mean positions resulting from the range of possiblemaneuvers.For
example, if the maneuver is a cross-trackacceleration,the trajectory
runs across almost at right angles to each possible target track. Miss
distanceis, therefore,sensitiveto anyalong-trackerror in � nal target
position,yet this is precisely the sort of error inducedby uncertainty
in time to intercept. Figure 1 illustrates the dif� culty.

Joint iterative re� nement of the target-position PDF at intercep-
tion and the optimal missile trajectory, to an accuracy much better
than the maximum permissible miss distance, thus seems necessary
at every update, a prohibitive task. However, a crucial assumption
allowing an acceptablesuboptimalsolutionis that at long ranges the
missile needonly travel in approximatelythe right direction.Hence,
at long range the time to intercept need be found only roughly. As
interception approaches, the need for accuracy increases but the
range of possible conditions at interception narrows, reducing the
scope of the computation for more precise guidance. In practice,
factors such as increased in� uence of glint, countermeasures, and
removal of necessity to consider more than one target may have
a large effect as range falls, but require detailed, scenario-speci�c

Effect of non-uniform time-to-go on optimal interception trajectory

Effect of error in tgo on missile trajectory

Fig. 1 Optimal missile trajectory through PDF of predicted target
state.

considerationbeyond the scope of this paper. Also, long-rangecon-
siderationssuch as energy conservationand missile maneuveringto
improve observability are not included in what follows.

The long-range guidance strategy to minimize time to intercept
would require the missile trajectory to turn at maximum rate fol-
lowed by straight � ight.8,9 Time to intercept tgo could then be esti-
mated by

tgo = ¡ r / Çr (1)

which becomes exact for a constant-velocitytarget once the turn is
completed. The guidance scheme presented here employs this es-
timate at all times and for all target trajectories. Furthermore, the
variation in tgo with interception position over the main peak of
target-position PDF is neglected. The justi� cation is the reduced
extent of the peak as the missile closes, because of improving ob-
servation accuracy (particularly cross heading) in the absence of
glint and shrinking time for further target maneuver.

Simpli� cation is also necessary to reduce the heavy computing
implied by dependence of the PDF of predicted target state at in-
terception on maneuver history. Consider a maneuver history well
approximated by a sequence

Mi ´
©
l j1(i ),k + 1 , l j2(i ),k + 2, . . . , l jM (i),k + M

ª
(2)

over the M update intervals up to interception. In each interval,
the target motion is described by one of N motion models l jM ,
j =1, 2, . . . , N , with an associatedprobability.With the target able
to choose between N actions over each interval, and if the PDF is
an N -componentGaussiansum (as in multiple-modeltrackers2,3,10 ),
then N M + 1 predictionsmust be made at every update, an excessive
numberunless M is very small. The numberof maneuversequences
can be reduced by excluding those with low probability (e.g., sus-
tained high-rate turns or very rapid turn reversals) and/or by re-
stricting the number of motion changes. Even so, the number may
be large. If up to C changes are allowed, there are

SC =
CX

c = 0

(M ¡ 1)!
c!(M ¡ 1 ¡ c)!

N (N ¡ 1)c (3)

maneuver sequences; for example, with M = 10 and N = 5, S1 =
185, S2 = 3065, and S3 =29,945. The question, therefore, arises
whether guidance can be based on less than the complete PDF of
predicted target position, recognizing that sensitivity to error in in-
terception time and interdependence of that time and the missile
control sequence will in any case prevent high precision. A subop-
timal objective, conforming with normal MPC practice, is to reach
the mean predicted target position without trying to optimize the
missile path through the PDF for successful interception. This re-
duced aim still takes into account the range of possible maneuvers
and the non-Gaussian nature of the PDF.

Use of the mean predicted position permits a further simpli� ca-
tion. It can be shown (Ref. 11, Appendix9) that, as the missile closes
with the target, the mean position at intercept assuming no future
changes in maneuver (i.e., over all N current motion possibilities
only: C =0) tends to the mean over all maneuver strategies. This
results from convergence to zero of linearization error in turn-rate-
dependent terms in the state equationsas time to go tgo tends to zero.
Although error is incurred for � nite tgo , the in� uence of nonlinear-
ities in the motion models is retained, with increasing accuracy as
tgo falls, ensuring improvement over LQ guidance.

For the reduced set of � xed maneuver sequences Mi , i =1,
2, . . . , N , the prediction of target-state PDF at interception is

p(x̂k + M j k) =
NX

i = 1

p(x̂k + M j k j Mi )Pr(Mi ) (4)

where for multiple-model trackers the PDF of current target state is
the Gaussian sum

p(x̂k j k ) =
NX

i = 1

¡
x̂

l i,k

k j k , P
l i,k

k j k

¢
Pr( l i,k) (5)



BEST AND NORTON 541

Minimum-covariance,unbiasedsingle-step,M-sample-intervalpre-
dictions12 are of the form, to � rst order,

x̂
l i,k
k + M j k = f

¡
x̂

l i,k
k j k , Mi , M

¢

P
l i,k

k + m j k = F(Mi )P
l i,k

k j k F(Mi )
T + Q (6)

where F(Mi ) is the Jacobianwith respect to x̂
l i,k
k j k of f(x̂

l i,k
k j k , Mi , M )

at Mi . With C = 0, only N predictions need be made so that, for
example, a constant-speed target traveling in the (x , y) plane with
turn rate in the range covered by {x 1 , x 2, . . . , x N } has

x̂(k + M ) = x̂(k)

+
NX

i = 1

µ
sin x i tgo

x i
Ç̂x(k) +

1 ¡ cos x i tgo

x i

ˆÇy(k)

¶
Pr( x = x i )

ŷ(k + M ) = ŷ(k)

+
NX

i = 1

µ
cos x i tgo

x i

ˆÇx(k) +
sin x i tgo

x i

ˆÇy(k)

¶
Pr( x = x i ) (7)

III. Guidance Law
The prediction process produces an approximate PDF of target

state at interception. The guidance law has ideally to maximize
the cumulativeprobability,over the missile trajectory,of successful
interception.This would require integration along the future trajec-
tory and with respect to the distance between missile and target,
with weighting by missile effectiveness as a function of distance.
The PDF of predicted target position has to cover a range of possi-
ble interception times and might also have to allow for uncertainty
in predicted missile position, due to uncertainty in missile state
estimates, control response, and disturbances. If the computing is
simpli� ed by optimizing for a single predicted interception instant
and omitting uncertainty in future missile behavior (which in any
case raises no essentially new issues), the probability of success is

Jk =

Z
{r[xt (k + M), xm(k + M)]}pk [xt (k + M)] dxt (k + M)

(8)

where missile effectiveness is speci� ed as {r[xt (k + M ), xm(k +
M)]} and r[xt (k + M ), xm(k + M)] is the miss distance at time
k + M . The control sequence computed at time k, with the control
and prediction horizons equal, is

{u ¤ }k ´
©
u ¤

k , u ¤
k + 1, . . . , u ¤

k + M ¡ 1

ª
= arg max

{u}k

Jk (9)

with the future missile state given by a one-step nonlinear time
update

xm(k + M ) = g[xm (k), {u}k , M] (10)

Missile effectiveness is speci� ed in Ref. 13 as

{r[xt (k), xm (k)]}=

»
0.9 for r ·re

0.9 exp
£

¡ 4(r / re ¡ 1)2
¤

for r > re

(11)

but the common simple alternative

{r[xt (k), xm (k)]} =

»
1 for r · re

0 for r > re
(12)

reduces the optimization to

{u ¤ }k =

arg max
{u ¤ }k 2

Z

r [xt (k + M ),xm (k + M )] ·re

pk [xt (k + M)] dxt (k + M)

(13)

where is the admissible set of control values. The input sequence
thusdirects themissile throughthe predicted(� xed-time) targetPDF

a) Whole path calculated
b) Calculated uk, u free
thereafter

Fig. 2 Alternative approaches to � nding optimal missile trajectory.

so as to maximize the probabilitywithin the radius of effectiveness,
as in Fig. 2a.

MPC appliesonlyu ¤
k , the � rst in the sequence,andso there existsa

more circumspectalternative,computingfor each valueof uk the set
of target states reachable within distance re , up to time k + M , with
control uk and any admissible sequence {uk + j , 1 · j · M ¡ 1},
then maximizing with respect to uk the probability covered by the
reachable set, as in Fig. 2b. For a single target, the effective support
of the PDF shrinks as tgo falls, and these alternatives have similar
performance. For multiple targets, they give signi� cantly different
results, as will be seen in Sec. VII.

Exact analyticalevaluationof the integral in Eq. (13) is prevented
by two facts: even if the current missile-state PDF p(x̂k j k) is a
Gaussian sum, the nonlinear prediction to time k + M [approxi-
mated by Eq. (6)] renders its components non-Gaussian, and the
missile track through the PDF pk [xt (k + M)] may not be straight.
A numerical technique for Eq. (13) was investigated in Ref. 11, but
found too expensive, and so one must consider how to approximate
the PDF and the track through it. At long range, the components
of predicted target-position PDF produced by different maneuver
values are likely to be widespread enough to prevent them from be-
ing combined in any good, simple approximation, but in any case
re� ned trajectory optimization is not justi� ed by the quality of the
prediction.As rangefalls,and with it the time remainingfordifferent
possiblemaneuvers to act, the spread decreasesand so does interest
in the PDF tails. Ultimately, the whole PDF may be represented as
a single peak, perhaps approximated as Gaussian.

The optimal trajectory can be expected to pass close to the peak
of a Gaussian single-peakapproximation to the PDF unless missile
track is sharply curved close to interception and the effectiveness
radius re is small compared with the PDF spread; in either guidance
scheme described, the optimal trajectory passes through the peak
for any given missile heading. Consider now whether the optimal
headingcan be found readily. With a Gaussian PDF approximation,
an ellipsoidal contour can be found beyond which the probability
density is too low to in� uence optimality sign� cantly. If re is no
larger than the shortest half-axis of this ellipsoid, the best straight-
line trajectory is clearly along the longest axis. It remains optimal,
although no longer uniquely so, if re exceeds the shortest half-axis.
However, this trajectory maximizes the spread of time to intercept
and, hence, the error in treatingthe PDF as at a � xed time.Moreover,
at ranges long enough to permit missile maneuvering,a single-peak
Gaussian approximation may well be invalid. For these reasons,
the shape of the ellipsoid is likely to be a poor guide to the best
trajectory.

Given these dif� culties, explicit trajectory optimization is not
attempted.The guidancelawjust turns themissile headingas rapidly
as possible,as in minimum-time-to-interceptguidance,8,9 toward the
mean predicted target positionat interception,as computed through
Eq. (6). In doing so, the non-Gaussian representation of the PDF
and the nonlinearity in the motion model are retained.
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IV. Simulation Results for Guidance Against
Single Target

Effectiveness of the guidance law relates to the miss distance,
and so most published comparisonsof guidance laws employ mean
miss distanceor percentageof closestapproacheswithin a speci� ed
distance. Here, performance will be assessed more informatively
by the cumulative distributionof miss distance (between centers of
missile and target); othermeasures may be found from it if required.

The tests use two scenarios.The � rst has a constant-velocitytar-
get, for which LQ guidanceis optimal as motion-linearizationerrors
are zero. The target is assumed not to know the missile guidance
strategy, but, by behaving randomly, a target can increase tracker
errors and, thus, degrade missile performance.14 In the second sce-
nario, therefore, the target switches at random instants between
opposite-sensecircular turns.

In both tests, the target starts 5 km north and 5 km east of the
missile and travels east at 300 m/s. White, zero-mean, uncorrelated
Gaussian accelerations of standard deviation 0.1 m/s2 act across

a) Missile performance against constant-velocity target

b) Missile performance against randomly maneuvering target

c) Comparison of missile acceleration demand

Fig. 3 Simulation results for LQ and predictive guidance.

track and along track. The randomly maneuvering target switches
between extra cross-trackaccelerationsof §80 m/s2 according to a
Poisson process with rate 1/s.

The interacting multiple-model (IMM) tracker2,3,10 with cross-
track acceleration values an ={¡ 100, ¡ 50, 0, 50, 100} m/s2 re-
ceives range and azimuth measurements taken at 20/s for 10 s, with
additive, zero-mean, white, Gaussian errors of standard deviation
50 m in range and various values from 0.5 to 2.5 deg in azimuth.
The missile processes 10 samples to let the tracking � lter settle,
then moves at 1200 m/s throughout. Its cross-trackaccelerationcan
take any value between §300 m/s2 , and for simplicity its dynamics
are taken as instantaneous. Augmented proportional navigation, a
representative LQ guidance law known to be one of the best LQ
techniques for maneuvering targets,15,16 is used, with navigation
constant 3. Monte Carlo trials of 250 runs are performed.

Figure 3 shows the cumulative distributionsof miss distance for
the constant-velocity and maneuvering target. For both, accuracy
declines (the distribution has smaller initial gradient) as azimuth
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error and, hence, tracker error increase. With the constant-velocity
target (Fig. 3a), the LQ guidance law performs marginally better,
being optimal. The differencebetween LQ and predictive guidance
performance changes little with azimuth error. For the maneuver-
ing target (Fig. 3b), predictive guidance does consistently better
than LQ, the accuracy of which falls more rapidly as azimuth error
increases. This can be explained by the in� uence of linearization
errors. The IMM tracker combines state estimates from a set of
linearized models into an optimal estimate. This is then used in a
linearizedmotion model, so that the accelerationis perpendicularto
the reference interceptioncourse, for the LQ guidance calculation.1

The predictive scheme incurs the same track linearizationerrors but
predicts with nonlinear models, thus reducing linearization error in
the guidance law.

Figure 3c shows the acceleration demand for each guidance
scheme. For a navigation constant of 3, the LQ acceleration falls
linearly with time,16 whereas predictiveguidance has a large initial
acceleration while the missile turns toward the interception head-
ing but low accelerationslater.LQ guidanceminimizes acceleration
demand overall.1

V. Optimal Guidance Against Multiple Targets
Next, the predictive guidance idea will be extended to multiple

targets, and simulation results will illustrate balancing of the prob-
ability of intercepting the selected target against the probability of
selecting the correct one.

Although tracking of multiple objects has received substantial
attention,17,18 relatively little has been published on missile guid-
ance against multiple targets.19 The topic is gaining importance as
prospects improve of exploiting collateral information about the
identity of each target, derived, for instance, from observation of
its dynamics,20 checking against performance bounds (Ref. 11 and
hereafter), interpreting its radar signature, or fusing measurements
from dissimilar sensors. Assume that all information at time k on
the identity of target i , without regard to what is known of the other
targets, is encapsulated by Pr(i j i, k). The overall probability that
target i of N in total is the intended one is then

Pr(i j k) =
1
a

Pr(i j i, k)
NY

j =1
j 6= i

[1 ¡ Pr ( j j j, k)] (14)

These probabilitiesweight the predictedPDFs of positionof all N
objects at predicted interception time to produce a PDF p(x̂k + M j k )
of positionof the intended target. The predicted time at interception
k + M (i ) may well vary from one object to another, requiring the
missile-accelerationsequenceto maximize the sum,overall possible
interception times and correct targets, of the weighted probabilities
of interceptingthe correspondingobjects.Morever, the signi� cance
of such differences in time may not decrease as interception ap-
proaches. However, to keep the optimization computationally fea-
sible, the same approximation will be made as for a single target,
taking the time at interceptionas uniqueand independentof the state
at that time.

Recall the alternative guidance strategies: 1) � nd {u ¤
k , u ¤

k + 1,
. . . , u ¤

k + M ¡ 1} to maximize the total probabilitywithin the missile’s
radius of effectivenessre at time k + M or 2) � nd u ¤

k alone to maxi-
mize the total probability within re of the missile’s reachable set at
k + M . When differing objects give distinct peaks in the predicted
intended-target position PDF p(x̂k + M j k), strategy 1 aims the mis-
sile at or near the peak corresponding to the object most likely to
be the intended target. If a rejected target later becomes the most
likely, it may no longer be reachable. Strategy 2 hedges against
such changes, because it postpones concentrationon a narrow strip
throughthePDF. However, someprogresstoward thecurrenthighest
peak is lost, increasing the risk of losing an intended target gener-
ating that peak. Figure 4 illustrates how. The control u ¤

k attempts to
position the reachable set of the missile at interception time so that
the probability covered by the set has the same rate of change with
uk in all directions. Early in the engagement (Fig. 4a) the set en-
compasses two intended-targetPDF peaks, allowing two potential
targets. Later (Fig. 4b), the boundary of the shrinking reachable set

Fig. 4 Possible loss of target when maximizing probability within
reachable set.

slips past one of the peaks and shortly that object is rejected. How-
ever, by then the control may have been so biased by that peak that
a modest maneuver can move the remaining target beyond reach, as
in Fig. 4c. Note, incidentally, that this strategy does not require a
separate, explicit decision rule for rejecting potential targets.

The two strategies can be viewed as extreme cases of a more
general strategy that optimizes the � rst L control values, with
1 · L · M , to maximize the probability covered by the reachable
set resulting from those L values. That is, the control is free to take
any values in its admissible set for times beyond k + L ¡ 1. Strat-
egy 2 has L = 1 and strategy 1 has L = M . There is a loose analogy
with conventional MPC, where the control is assumed to be kept
constant beyond the control horizon.4 ¡ 6 The choice of L should
depend on the information at hand; if the identity of the intended
target is clear, L should be large to focus on the highest PDF peak,
whereasuncertainidenti� cationof the intendedtargetrequiressmall
L to keep as large a range of potential targets in reach as possible.
All other things being equal, greater maneuver capability should
move the choice in the direction of larger L to force earlier target
selection.

Computation of the reachable set, followed by maximization of
the interception probability by integrating the predicted intended-
target position PDF over the reachable part of its support, is far too
large a task to be discharged in real time, and so simpli� cation is
necessary, as it was for a single target.

VI. Simpli� ed Guidance Against Multiple Targets
The following simpli� ed, suboptimal scheme still makes use

of target-identity information and hedges against selection of the
wrong target, while conforming with the simpli� ed single-target
scheme.The schemekeeps the Pr(i j k)-weightedPDFs of predicted
position at interception for the N objects distinct, instead of merg-
ing them into one. When the missile is pursuing a particular target,
it employs the same tactic as in Sec. III, maximum-rate turn then
straight � ight, based on the mean from that target’s PDF.

Target selection is straightforward in the simpli� ed scheme. De-
� ne an object as effectivelyreachable if all of its predictedpositions
at interception with probability density above a speci� ed value lie
within the reachable set of the missile. Denote by the set of ef-
fectively reachable objects. Target selection is, thus, the reduction
of to a single object. The guidance has two, possibly con� icting,
objectives:

1) Maximize the probability of intercepting the selected target
from , allowing for later maneuvers (roughly strategy 1 given
earlier).

2) Maximize the probability that includes the intended target
(roughly strategy 2).

Objective 1 is achieved by turning onto an interceptioncourse as
rapidly as possible,maximizing the remainingscope for missilema-
neuver should the target maneuver later.While all N objects remain
effectively reachable,objective 2 is satis� ed, allowing the guidance
freedomto optimize a subsidiarycriterion.Objective 1 suggests that
the criterionshouldbe the probabilityof interceptingtheobjectmost
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likely to be selected, that is, with the largest weighted probability
over its effectively reachable region. Eventually the missile reaches
a point where continuationof the subsidiary criterion would render
an object no longer effectively reachable. Objective 2 then dictates
that the guidance should continue along the path that keeps that
object effectively reachable, until a point is reached where another
object is about to lose effective reachability.A decision as to which
object to abandon must then be made: The one with the smaller
weighted probability is abandoned. This process continues until
only one target is left. Target rejection is now explicit, in contrast to
strategy 2, but still simple.

VII. Simulation Results for Guidance Against
Multiple Objects

Three objects are considered, because two require only a single
decision. All start 5 km north and 5 km east of the missile’s initial

a) Dependence of miss distance on strategy and identi� cation accuracy

b) Object reachability with correct identi� cation

c) Object reachability with wrong initial identi� cation

Fig. 5 Effect of uncertain target identity on multitarget guidance.

position. The intended target � ies initially east at 300 m/s and the
other objects diverge, heading 10 deg north and 10 deg south of
east, also at 300 m/s. The target then executesa random sequenceof
circular turns with accelerations §80 m/s2 , switchingaccordingto a
Poissonprocesswith rate 1/s. As a result, the target track crosses the
others.All threeobjectshave additionalwhite, Gaussian,zero-mean
cross- and along-trackaccelerationsof standard deviation 0.1 m/s2.
As for the single-target simulations, the IMM tracker uses cross-
track acceleration values an ={¡ 100, ¡ 50, 0, 50, 100} m/s2 and
receives range and azimuth measurements at 20/s for 10 s, with
additive, zero-mean, white, Gaussian errors of standard deviation
50 m in range and now 1 deg in azimuth. The missile details are
as before and the guidance uses L =1 or L = M , with effective
reachability extending out to the three standard deviation contours
of the Gaussian components. (Because the predicted-positionPDFs
are not Gaussian, one cannot infer the probability of reachability.)
Monte Carlo trials of 250 runs are performed.
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To allow guidance to be studied independently of target identi-
� cation, identity information is supplied to the missile rather than
having to be derived from measurements. Wrong selection can be
forced if desired. The target-identityprobabilities are simulated as

Pr(i j k) = a Pr(i j k ¡ 1) + (1 ¡ a )
D Pr(i j k)

PN
j = 1

D Pr( j j k)
(15)

where D Pr(i j k) represents information gained at time k about the
probability that object i is the intended target, and a =0.9 deter-
mines how rapidly the probabilitiesapproach steady state. To simu-
late correct (on average) identi� cation, D Pr(i j k) is a sample from
a uniformdistributionover [0.3, 0.9] if object i is the intendedtarget
and [0.1, 0.7] if it is not. The mean probability of new information
classifying the intended target correctly is thus 0.6, that of classify-
ing each other object as the intended target is 0.4, the steady-state
probability of correctly identifying the intended target is 0.42, and

a) Accuracy of guidance laws

b) Object reachability

c) Probability of objects being true target

Fig. 6 Interception with bounds on speed to identify target.

that of each other object being mistakenly identi� ed as the target is
0.29.

To simulate initially mistaken identi� cation, D Pr(i j k) is a ran-
dom number uniformly distributed in [0.3, 0.9] if object i is the
northern object and in [0.1, 0.7] if it is not, until a speci� ed instant
from which correct identi� cation is simulated.

The � rst set of trials covers two situations, one with the correct
identi� cation and the other with mistaken identi� cation up to time
k = 80, each using both guidance objective 1, L = M , and objec-
tive 2, L =1. With correct identi� cation, objective 1, maximizing
the probability of intercepting the selected target, performs much
better (Figs. 5a and 5b); under objective 2, the target can escape
by maneuvering. However, if the optimization could be performed
exactly, strategy 2 rather than objective 2, the difference would be
smaller. For instance, if the target were to maneuver so that the
missile could not pass closer than two standard deviations from its
mean predicted position, the optimal solution might still select the
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correct target, with reduced probabilityof interception,whereas the
suboptimal scheme abandonsthe target as not effectivelyreachable.

If wrong (on average) identity information is supplied initially,
the wrong object is intercepted in 90% of runs for objective 1
(Figs. 5a and 5c). Objective 2 is more successfulbecause the wrong
selection is less likely to have been made by the time correct iden-
ti� cation starts. Even so, target maneuvers may still mislead the
guidance.

The second set of trials employs performanceboundson speed to
identify objects. The scenario is as described earlier, but the target
cannot exceed 300 m/s and the other objects 290 m/s. The identity
information supplied to the missile is only these bounds and the
knowledge that there is one target. The probabilityof object i being
of type j is computed as

Pr(i 2 j ) =
1

c k

kX

t = 1

f [V̂t (i ), j] (16)

where

f [V̂t (i ), j] =

»
1 if V̂t (i ) · Vmax( j )

0 otherwise
(17)

Ideally, f [V̂t (i ), j] should re� ect the uncertainty in state, but the
nonlinear relation between Cartesian state and speed makes this
impracticable.

Initially,the intendedtarget is identi� ed as the least likely(Fig. 6c)
becausefew of its early speedestimates lie in the range290–300 m/s
restrictedto the intendedtarget,but some overestimatesfor the other
objects do lie in that range. As the � lter settles, the intended target
becomes cleareras more of its speed estimates fall between 290 and
300 m/s, with most for the other objects below 290 m/s. Correct
identi� cation thus takes time and, as Figs. 6a and 6b show, the more
conservative objective 2, with later decisions, is marginally more
successful.

VIII. Conclusions
A conceptual framework has been suggested for guidance of a

missile to intercept a target, taking into account uncertainty in the
present state and future maneuvers of the target and, in the multi-
target case, the identity of each potential target. The framework
has much in common with the model predictive control approach
popular in process control, but has distinctive features such as a
nonreceding prediction horizon and structured disturbances (ma-
neuvers). With multiple targets, the degree of conservatism of the
guidance can be controlled by choice of the control horizon up to
which the missile acceleration is optimized and beyond which it is
only requiredto be admissible.This determinesthe compromisebe-
tween the risk of selecting the wrong target and the loss of progress
toward the designated target.

In practice, drastic simpli� cations are necessary to reduce com-
puting load, includingpretendingthat the time and positionof inter-
ception are independent and aiming at the mean predicted position
of the target, insteadof explicitlymaximizing the probabilityof suc-
cessfulinterception.Even so, the schemeincorporatesnon-Gaussian
PDFs of predicted position and uncertain, evolving information on
target identity.Simulations show that the simpli� ed scheme can im-

prove on conventional guidance. One set of results has illustrated
the use of known bounds on speed to aid target identi� cation.
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